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Differential equations are derived and the hydraulic impact process for "exponential" and 
nonlinearly viscoplastic media in pipes made of a viscoelastic material is analyzed. Hydrau- 
lic impact problems for actual media in pipes has been repeatedly treated in the literature 
[1-4]. The hydraulic impact of a viscous and linearly viscoplastic media in pipes made of 
an e las t ic  and v i scoe las t i c  m a t e r i a l  was studied in this work.  It is well known [5] that  many  
media  in the region of low and modera t e  shear  r a t e s  r evea l  a nonl inear i ty  of the flow cu rve  
(oil, dri l l ing fluids, p o l y m e r  solutions and mel t s ,  loaded fuels ,  fuel mix tu re s ,  blood, etc.) .  
It  should be noted that f lexible pipes made of natural  m a t e r i a l s  (pipe boreholes  made  of 
p o l y m e r  m a t e r i a l s ,  m e m b r a n e s  of blood v e s s e l s ,  etc.) a r e  desc r ibed  by compl ica ted  rheo-  
logical  equations of s ta te  for v i scoe la s t i c  media .  Thus a calculat ion of the influence of non- 
l inear i ty  of these  media  and of the v i scoe l a s t i c  p r o p e r t i e s  of the pipe m a t e r i a l  on the hydrau-  
lic impac t  p r o c e s s  is of theore t ica l  and p rac t i ca l  i n t e re s t  in many engineer ing p r o b l e m s .  

1. The one-d imens iona l  motion of a droplet  of c o m p r e s s i b l e  fluid in a pipe of va r i ab l e  c r o s s - s e c t i o n  
is desc r ibed  by the s y s t e m  of di f ferent ia l  equations [1] 
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where  11I i 9ivid] = pvl is the m a s s  flow ra t e ,  I = f ~ ---- 9ividf = (t  ~ ~) p']v z is the pro jec t ion  on the x axis of 
<}~ 0) 

the m o m e n t u m  of m a s s  M, f is  the c r o s s - s e c t i o n a l  a r e a  of the pipe,  v i and Pi a re  the r a t e  and densi ty of 
the fluid at a given point, v, p, and p a r e  the mean  c r o s s - s e c t i o n a l  veloci ty,  density,  and p r e s s u r e ,  z is 
the height of the center  of g rav i ty  of the pipe c r o s s  sec t ions  over  the hor izonta l  plane,  ~ is the tangential  
s t r e s s ,  ~ is the wetted p e r i m e t e r ,  y is the mean  specif ic  weight of the fluid, P0, 00, and f0 a re  the values 
of p, O, and f for  s t e ady - s t a t e  motion,  and E is the modulus of e las t i c i ty  of the fluid. 

The dependence of the pipe c r o s s - s e c t i o n a l  a r e a  on t ime  is de te rmined  in the following manne r .  

Denoting the in te r io r  radius  of a c i r c u l a r  pipe by R and the d i sp lacement  of the radius  by u, we obtain 

] = ] o + 2 a R u + ~ u  2 ~ ]0(t +2u/R), 
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Since the pipe is thin-walled, 

~ =  ~-; c~ R, 

where a is s t r e s s  and 6 is the thickness of the pipe walls.  

We use the genera l ized rheological  equation of a v iscoelas t ic  medium [6] 

i = 0  ~ ~ = 0  ~ dti 

obtaining the following equation for  the law by w h i c h f  var ies  with time, 

~ t R  O~.(p--p,,) ~ b~ O i ( / _ / a )  
i = O  Ot ~ , =  Ot ~ 

(1.3) 

The pa rame te r s  a i and b i determine the proper t ies  of the mater ia l .  We will consider  below the case when 
(p - p0)/Kfl << 1, so that Eqs.  (1.1) and (1.2) reduce to the form 

(1.4) oM o (1 + o (p-____eo + 
o-5-+oW I ~ ) ~ -  7 o l o ~  Vo 

a i  , f a , o  , a,,,i,,r O, (1.5) 
Po"~7--r" , o  ~z  ' Ox - -  

Bearing in mind the equation O o / O t  = (00/Kfl)(3p/0t) and Eq. (1.3), we obtain f rom Eq. (1.5) 

(1.6) - - - -  ~ O .  i=o /- 3- ai -- ~ + 2~oio o? 

The tangential s t r e s s  in hydraulic impact  problems is taken in the form 

c .  C f M  2 
T = ~ 9v  2 

-9o1~ 

where Cf is the frict ional r es i s t ance  coefficient~ If convection t e rms  are ignored in Eq. (1.4), it reduces 
to the form [1] 

where 

1 _  OM = 0 (p - -  p ,  - -  ?oz) raM.Z, (1.7) 
i o Ot Ox 

(1.8) '1 [c.+ B,, a i n / , ]  
m = ,Ooio '_-47- - -  ( t  7 .-, d - - - '~ . l '  

and r = f o / X  is the hydraulic radius.  

It is welt known that the fr ict ional  res i s tance  coefficient is inverse ly  proport ional  to the Reynolds 
number for  laminar  motion and, in the case of the motion of an "exponential" fluid [7], has the form 

Cs = ~ \ - ~ - - , ,  / = ~ t, ~,,, ) '  (1 .9)  

and in the ease of the motion of a nonlinearly viseoplast ic medium [5], the form 

rr_,', '" ' ] "", ,  r( / TM ", 
Cs = he' [t3~/ + t ~ L \ ~ - I  § i (1.10) 
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w h e r e  A and A i a r e  cons tan t  n u m b e r s ,  77a is the appa ren t  v i scos i ty ,  ~?p is an analog of p l a s t i c  v i s c o s i t y ,  and 

The cons tan t s  A and A 1 wil l  be  d e t e r m i n e d  for  s t a t es  of  nons teady  mot ion  under  condi t ions  of non-  
s t eady  mot ion .  However ,  we wil l  h e n c e f o r t h  a s s u m e ,  in o r d e r  to s impl i fy  the p re sen ta t i on ,  tha t  Cf  fo r  
nons teady  mot ion  is the s a m e  Reynolds  funct ion as fo r  s t e a d y - s t a t e  mot ion .  

Subst i tut ing Eqs .  (1.9) and (1.10) in (1.8) and the r e su l t i ng  equat ion in Eq.  (1.7), we obtain 

i aM _ a (p --  po § %z) _ rn;M -~ qM s. (1 ~ 
/o Ot dx 

When j = 1, Eq .  (1.11) d e s c r i b e s  the mot ion  of an "exponent ia l"  fluid, while when j = 2,  Eq.  (1.11) d e s c r i b e s  
the mot ion  of a non l inea r ly  v i s c o p l a s t i c  med ium,  

t6qa {3n ~ l ~ 

16% ?,,, + t]"; 

q = Po/o Oz " 

Let  us se t  P = p - P0, so that  the d i f fe ren t ia l  equa t ions  (1.6) and (1.11) a r e  wr i t t en  in the f o r m  

,1o+  , o .,11 -U  al -? :UK-~ O?+t + 2,Oo/o Ot( k . z  / j =0; 
0 

14 op mjM + qM". 
I ]o at Ox 

(1.12) 

The system of equations (1.12) describes hydraulic impact for the motion of an "exponential" (j = 1) 
and a nonlinearly viscoplastic (j = 2) medium in pipes made of a viscoelastic material. 

For these problems the initial and boundary conditions can be written in the form 

p(x ,  0) = 0; (1.13) 

@ (x, 0) = 0; a-p o-T ot---y = O; 

M (x, 0) = 0; p (0, t) = ~p (t); 

M (I, t) --  h 0.1~ "l ~ 7 ( , t )  = Y ( 0 ,  

where  cp(t) and F(t) a r e  given funct ions  and h is  a cons tan t .  

If the pipe has cons tan t  c r o s s  sec t ion ,  i .e . ,  if q = 0, the s y s t e m  (1.12) in t e r m s  of  M(x, t) is  wr i t t en  
in the f o r m  

z _ _ ~ L ~ t ~  t ~  ) -  ~ a ~ + ~  oti+----TV-~-yi--- m j M  = 0 .  (1.14) 
~=0 

The solut ion of  the d i f fe ren t ia l  equat ion (1.14) under  the ini t ia l  and b o u n d a r y  condi t ions  of Eqs .  (1.13) 
can be c a r r i e d  out by  n u m e r i c a l  me thods  or ,  f o r  example ,  us ing  Lap lace  t r a n s f o r m a t i o n s .  

We note tha t  the r e su l t i ng  s y s t e m  of d i f fe ren t ia l  equat ions  (1.12) r e d u c e s  in p a r t i c u l a r  c a s e s  to h y -  
d rau l i c  i m p a c t  p r o b l e m s  wel l -known in the l i t e r a t u r e  [1-4]~ 

2.  Le t  us c o n s i d e r  n o a s t e a d y  mot ion  of  a fluid in a v i s c o e l a s t i c  pipe o f  cons tan t  c r o s s  sec t ion ,  where  
the fluid flow r a t e  M is a h a r m o n i c  funct ion of t ime  of g iven f r e q u e n c y  at the beginning of the pipe;  p r e s -  
s u r e  is cons tan t  at  the end of the p ipe .  At  a m o m e n t  suf f ic ien t ly  d i s tan t  f r o m  the ini t ial  m o m e n t ,  the ini t ia l  
condi t ions  do not p r a c t i c a l l y  ef fec t  the d i s t r ibu t ion  of  flow r a t e  and p r e s s u r e .  Let  us find the solut ion of 
Eq.  (1.14) sa t i s fy ing  the b o u n d a r y  condi t ions  
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oM "l t) = O. (2.1) M (0, t) = Moe~zt; -~x ( ' 

The  s o l u t i o n  of  Eq.  (1.14) u n d e r  the  b o u n d a r y  cond i t i ons  of  E q s .  (2.1) has  the f o r m  

M(x, t)=X~(x) cos r sin (0t, (2.2) 

w h e r e  X,(x) = Re{X(x)};  X2(x) = Im {X(x)}, and 

M~ {exp [- -  c~(l - -x) ]  + exp I n ( / - -  x)]}; X (x) : exp (cd) -r exp (-- al) 

(Z 2 

~ i h .  ~ b~ 
z_a w 2p0/0 

h = 0  

The  e x p r e s s i o n s  fo r  Xl(x) and X2(x) can  b e  e x p l i c i t l y  r e p r e s e n t e d  i f  we have  an a c t u a l  va lue  fo r  n. 
U s i n g  the  r e s u l t i n g  s o l u t i o n  (2.2),  we m a y  e x p l a i n  the  in f luence  of  the  v i s c o e l a s t i c  p r o p e r t i e s  of the p ipe  
m a t e r i a l  a s  we l l  as  the p h y s i c a l  and s t r e s s - s t r a i n  p r o p e r t i e s  of  the  mov ing  m e d i u m  on the a t t enua t i on  
of  h y d r a u l i c  i m p a c t .  

3.  To e x p l a i n  the  i n f luence  of the  p h y s i c a l  and s t r e s s - s t r a i n  p r o p e r t i e s  of a m o v i n g  m e d i u m  as  we l l  
a s  tha t  of the  v i s c o s i t y  of the  m a t e r i a l  on the  a t t e n u a t i o n  of  h y d r a u l i c  i m p a c t  we wi l l  c o n s i d e r  a p a r t i c u l a r  
c a s e  of the  r h e o l o g i c a l  equa t ion  for  a v i s c o e l a s t i c  m e d i u m  when a 0 = 1, 2/3[(1 + v ) ( 1 - 2 v ) / E ] u ' ;  b0 = E, bi = 
2/~'(1 + v); a i = b i = 0 when  i ->2, w h e r e  E i s  the  m o d u l u s  of  e l a s t i c i t y ,  v i s  the  P o i s s o n  c o e f f i c i e n t ,  and ~' 
i s  the  c o e f f i c i e n t  of v i s c o s i t y .  

Then  the  d i f f e r e n t i a l  equa t ion  (2.1) i s  r e p r e s e n t e d  a f t e r  s i m p l e  t r a n s f o r m a t i o n s  in the  f o r m  

L 03Mata a~-Mat z ( t  ,_2_, r/o ~ L~j T' mjfo aMat O~-Max 2 '-- K.. ,,)~.2at,~ (3.1) 

w h e r e  
2 B ( 1 -  2v) 

L " "T-~-2t2'(I:-v) 1~- 3 6 E 
E 2R K f l  

1-T6 E 

a = | , /  /~'~ t "1 , 2l~ 

K,  -- 2.u' (1 ~ ~,) 
- E 

L e t  us  a s s u m e  tha t  the  f lu id  f low r a t e  M c o n s t i t u t e s  in s o m e  c r o s s  s e c t i o n  a p e r i o d i c  t i m e  funct ion,  
so  tha t  the  so lu t i on  of  the d i f f e r e n t i a l  equa t ion  (3.1) can  be  found in the  f o r m  

M=Aeiot+~x. 

Subs t i t u t i ng  the  l a t t e r  equa t ion  in Eq.  (3.1), we obta in  fo r  d e t e r m i n i n g  c~ the equa t ion  

- -  L o ) ~ i  - -  t § r~-~o T _ 

so  tha t  we have  

/ ( l -z  a L)-TLio)--mjo i 
~ / ~ 

(z ~ io) " I 7 i1~2~. ' 

If  L, K2,f0 and mj  a r e  s m a l l ,  we ob ta in  to  an a p p r o x i m a t i o n  
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t ( t  + zo~L e!,,/o ,t,':,,)) ( 3 . 2 )  
7 = v :~o ,, or- 

An ana lys i s  of  the p a r a m e t e r  m 1 as a funct ion of n d e m o n s t r a t e s  that ,  o ther  condi t ions  be ing  equal,  
when n < 1, m~ is a lways  g r e a t e r  than its Newtonian analog,  and is l e s s  when n > 1. The value of m 2 in- 
c r e a s e s  with i n c r e a s i n g  /30 and n r e l a t i v e  to the B ingham analog.  

It is  evident  f r o m  Eq.  (3.2) that :  a) a t tenuat ion of i m p a c t  dur ing the mot ion  of an exponent ia l  fluid 
for  p seudop la s t i c  m e d i a  (n < 1) o c c u r s  s ign i f ican t ly  m o r e  r ap id ly  than for  a Newtonian fluid (n = 1) and is 
g r e a t e r  than fo r  d i la tan t  m a t e r i a l  (n > 1): 

b) Attenuation of impact occurs more rapidly with the motion of a nonlinearly viscoplastic medium 
for those media in which the flow limit r0(P0 ) and nonlinearity parameter n are exceeded. 

For an exponential fluid the attenuation coefficient is proportional to 

m,/n i6~la .[3n z-  i '~ 

20, = 8po~l~; ~ , ~  )' 

and for  a non l inea r ly  v i s c o p l a s t i c  medium,  to 

,,%,/,~ i6qp [( '~I t  ''~ In 
"m - 89,mRr [~,:~] -'-- I~ . 

We may also note that the presence of pipe material viscosity leads to attenuation of impact. In this 
case the attenuation coefficient will be proportional to 

"W(I :-0)- ~ T I ; f l  (K e - L )  0~=(,~ ' 
E2 2H Rfl " 

J - :  6 E 

The r e s u l t s  obta ined he re  can be used  in solving d i f ferent  c o n c r e t e  p r o b l e m s  a s s o c i a t e d  with the 
dr i l l ing  of bo reho t e s ,  the t r a n s p o r t  of Newtonian med ia  in pipes  made  of  a p o l y m e r  m a t e r i a l ,  and, in al l  
l ikel ihood,  in s tudying f ea tu re s  of blood c i r cu l a t i on  in the human o r g a n i s m ,  undergo ing  the ef fec t  of long-  
t e r m  or  s h o r t - t e r m  (impact)  G - f o r c e s  [8]. 
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